Abstract-Backscattered energy from a medium with nearly constant velocity measured by an omnidirectional source-sensor comes from spherical shells centered at the source-sensor location. If source and sensor locations differ, the energy comes from ellipsoidal shells. To image the scattering potential or reflectivity of the medium, backscattered energy must be projected onto ellipsoids with a weighting factor dependent on the eccentricity of the ellipsoid. Eccentricity is the ratio of the separation of source and sensor to the path length from source to scatterer to sensor. Because path length changes with time, this weighting factor is, in general, time dependent. It is constant only if source and sensor location are the same, in which case its value is unity. To estimate scattering potential or reflectivity at a given site, the backscattered signal which could have arisen from that site as measured by a given source-sensor pair is weighted by that pair's time-dependent ellipsoidal factor, then the weighted backscattered signals are averaged over all available source-sensor pairs.
I. INTRODUCTION
Information about the properties of an insonified medium in an acoustic image depends on the nature of the insonification, the location and response of sensors, and the reconstruction algorithm. If ultrasonic energy is transmitted from and detected by the same transducer in a three-dimensional medium with constant background velocity, the backscattered signal at a given time must have come from the surface of a sphere centered at the transducer. Several methods have been suggested for solving the linear wave equation from measurements of spherical averages [1] [2] [3] . Whenever the source and sensor are not at the same location, however, surfaces of constant time of flight are ellipsoids whose foci are the locations of the transmitting and receiving transducers.
Focus-and-steer images typical of most conventional medical systems [4, 5] and synthetic-focus images with the complete dataset [6, 7] include the effects of backscattered signals captured by sensors not at the same location as the source. In this paper we address the problem of reconstruction from ellipsoidal averages, that is, for the general case in which source and sensor location may not be the same. Our objective was to determine an approach to imaging the scattering potential of soft tissue with an arbitrary transducer array subject to conditions typically encountered in medical imaging. Because ultrasound is not readily transmitted through the torso we assumed sensors measured only backscattered signals. We also assumed point-like sources and sensors subject to broadband excitation.
II. THE LINEAR WAVE EQUATION
The first-order description of acoustic motion in three dimensions is given by the following second-degree equation [8a] :
where p(r, t) represents pressure as a function of spatial location r and time t. The index of refraction n(r) = c o /c(r) is the ratio of the background velocity to the locationdependent phase velocity of the medium. The scattering potential q(r) is defined by the following identity for n 2 (r):
If the variance of c is small, the scattering potential q(r)
1. For soft tissue composed of fat, muscle, blood, and cartilage we might expect phase velocities from 1480 to 1660 m/s [9] . These values suggest a 5 percent variation in c(r) about a background value of around 1570 m/s and magnitudes of q(r) < 0.1. For small q(r) the scattered pressure p s (r, t) p i (r, t) the incident pressure. Total pressure is composed of incident and scattered pressures,
but for small q(r)
A. Born Approximation
The linear wave equation can be simplified under the weak scattering assumption, ignoring multiple scattering to its first-order Born approximation [8c,10],
This result assumes that in the source free region
Solution of (4) yields the scattering potential q(r). In the preceding development we have assumed that the density of the medium is constant. Norton and Linzer [2] showed that the reflectivity f (r) for a medium with a small variation in density is
where κ(r) is the compressibility and ρ(r) is the density. The subscripted quantities are the constant background values. Because the velocity c(r) = [ρ(r)κ(r)]
which clearly reduces to q(r) if the density is a constant, ρ(r) = ρ o .
B. Impulse Response
Scattering potential or reflectivity is usually found subject to insonification by either plane or spherical waves. The assumption of incident plane waves permits couching the inversion problem in forms which can take advantage of well-known tomographic reconstruction algorithms [11] [12] [13] . Tomographic algorithms, however, make use of multiview data which may not be available in medical ultrasonic imaging. Further for transducer sizes and distances encountered in medical imaging the plane-wave assumption may be compromised. For example, we generated 3 x 3 cm images (512 x 512 pixels) of the central wires of the AIUM 100 mm test object with a 3.5 MHz, 32-element linear array with a lateral extent of 4.5 cm [14] . Images obtained by pulsing all elements simultaneously to launch a plane wave, then focusing the array at each image point on reception were significantly degraded compared to focusand-steer or synthetic-focus images. Conventional imaging systems, which generate focus-and-steer images treat transducers as point-like [4] , which means that to a first approximation they are assumed to produce spherical waves. We considered spherical-wave insonification by a source which was a spatial and temporal impulse of strength A. If the source region is included in (5), the wave equation for the incident pressure becomes
where x i is the vector from the origin to a source at x i as shown in Fig. 1 . The pressure in an unbounded medium with constant background velocity due to an impulse is well known. A spherical wave emanates from the site of the impulse; its amplitude diminishes with the distance from the source. The solution to the inhomogeneous linear wave equation above at r = r o is [8b, 15, 16] 
The radius r i is the distance from the source at x i to the field point r o .
III. SCATTERED PRESSURE
The solution to the first-Born approximation to the pressure scattered from a region around r o due to incident pressure given by the Green's function or impulse response of (9) is conveniently pursued in the frequency domain. The temporal Fourier transform of (4) is
where k o the wave number in the background medium is ω/c o and
The wave generated by a scattering volume V around r o along r j under the Born approximation of weak scattering is given by the following integral over the scattering volume
where q(r o ) is the scattering potential in V , P i (r o , ω) is the incident pressure at the scattering volume, and G(r j , ω) is a Green's function. Because we assumed the scattering region to be small compared to the distance from the source, the incident pressure can be approximated over the scattering volume by a plane wave with fixed amplitude A/4πr i , delayed by time r i /c o , and propagating in the direction of r i .
where k i is the wave number vector in the direction of propagation along r i . Its magnitude k equals ω/c. The velocity of propagation is c within the scattering volume. Further because we are interested in the pressure at distances which are large compared to the scattering volume the Green's function in the expression for scattered pressure becomes
where k j is the wave number vector along r j from the sensor location to the scattering volume. Substituting the incident pressure and Green's function expressions into the integral for the scattered pressure yields the scattered pressure at the sensor location
The integral in the above equation is the threedimensional Fourier transform of q(r o ) with respect to the spatial frequency variable k j -k i .
where k = k j − k i . The vector k is directed from the midpoint between source and sensor towards the scattering volume.
If we assume that the phase terms in the above expression apply along a surface within the scattering volume, the inverse Fourier transform of (16) with respect to ω yields the pressure in the time domain at a sensor located at x j .
IV. THE BACKSCATTERED SIGNAL
For an average velocity along the path between the source and sensor of c o , the backscattered signal b j (t o ) at x j at instant t o is the effect of all scatterers which lie along the path whose length from source to sensor is c o t o . If we require scatterers to lie above the source-sensor axis, i.e., to have positive values for their range (z > 0), the backscattered signal at x j due to an impulse at x i is given by
where Γ is the surface in which scatterers that contribute to the backscattered signal at t o are located. For a single source-sensor pair we can determine q(r) under two conditions. Those conditions are: 1) a single scattering volume of known size at a known location, and 2) a uniform distribution of scatterers over Γ.
A. Single Scattering Volume of Known Location and Extent
For a single small scattering volume around r o the backscattered signal seen at t o is
where dγ in (18) has been expressed in spherical coordinates. Because the radii are nearly constant over the scattering volume the integral over Γ is just the solid angle Ω V subtended by the scattering volume, i.e., 
B. Uniform Scattering Shell
In a medium with multiple scatterers, the signal from a single source-sensor pair at one instant can tell nothing about how those scatters are distributed. It is therefore appropriate to assume that the scatterers are uniformly distributed over the locations which could contribute to the backscattered signal at a given instant.
When the solution for p s (x j , t) given by (17) is substituted into the expression for the backscattered signal (18), surface Γ becomes an ellipsoid of revolution. The semimajor axis, a, of the ellipsoid of revolution is half the path length between source and sensor; its semi-minor axis, b, is the range of an on-axis scatterer. A cross-section of the ellipsoidal shell is shown in Fig. 2 , where the z-axis has been moved to the mid-point between source and sensor for convenience.
Although this expression contains an elliptic integral in two dimensions, in three dimensions it has a closed-form solution. Writing dγ in terms of x and z (see Fig. 2 ), the integral over Γ becomes
The quantities in the kernel of (22) can be expressed in terms of x and the semi-major and semi-minor axes of an ellipse, a and b, respectively.
Using the above expressions the integral over Γ is
The primitive of the kernel in the above expression is an arcsine function of x .
where is the eccentricity of the ellipsoid (c/a). Note that
then the backscattered signal of (21) is given by
V. INVERSION OF SOLUTIONS TO THE LINEAR WAVE EQUATION
The two cases for which the backscattered signal was found in terms of the Fourier transform of the scattering potential can be inverted to find the scattering potential itself. The inverse Fourier transform of Q(k) is
Because Q(k) is proportional to the backscattered signal for the two cases we have considered, the inverse transform is equivalent to backprojecting [2] or migrating [17] the signal measured at the sensor to the scattering volume. The exponential transform operator propagates the expression for Q(k) as a plane wave along the radius from the midpoint between source and sensor.
A. Single Scattering Volume of Known Location and Extent
For a single scattering volume the transform of the scattering potential, Q(k), from (20) is
The inverse transform of Q(k) is
where d 3 k is given in spherical coordinates through the background medium. This expression reduces to
where the radii r i , r j , and r o are treated as constants over the small scattering volume V and its spatial-frequency equivalent K. Although the integral over K is defined everywhere on an ellipsoid, it need be applied only over the scattering volume because that volume's location and extent are assumed known. Thus the scattering potential is an appropriately scaled version of the backscattered signal migrated to and backprojected over the scattering volume V which subtends solid angle Ω V . The three-dimensional Fourier transform of the scattering potential assumed uniform along the ellipsoidal shell is
B. Uniform Scattering Shell
so that following the development of the previous section
Thus if a small phase velocity change is uniform over an ellipsoidal shell, its radial component can be recovered by distributing a scaled version of the backscattered signal divided by the function of eccentricity f ( ) over an ellipsoid. That ellipsoid is defined by the source and sensor separation and by the path length from source to scatterer to sensor. Application of this geometrical or ray-tracing interpretation requires computing the time of flight t o from the source to a field point of interest and back to the sensor [6, 7] . Time of flight can be converted to position because
The weighting factor f ( ) is unity if the eccentricity is 0. In this case (32) yields the result for spherical projections, i.e., for the zero offset dataset. The value of f ( ), which decreases monotonically to 0 as f ( ) goes to 1, is plotted in Fig. 3 . The meaning of this weighting factor f ( ) becomes clear if we recognize that the area of an ellipsoid of revolution is S = 4πa 2 f ( ) .
Thus f ( ) compensates for the fact that the area over which the backscattered signal could arise decreases for a given path length if source and sensor are separated compared to the area of a sphere with the same path length. In other words, f ( ) is necessary to conserve energy in the reconstruction of the scattering potential.
VI. IMAGING WITH A SOURCE-SENSOR ARRAY
In the previous section we considered two cases in which the scattering potential can be determined with a single source-sensor pair. In each case only the scattering potential was unknown. The location and extent of a single scattering volume was assumed to be given. In the case of multiple scatterers the scattering potential was assumed to be the same everywhere. Clearly reconstruction of a medium with non-uniformly distributed multiple scatterers requires viewing that medium with more than a single source-sensor pair. Our strategy for reconstructing an arbitrary medium from an array is based on a straightforward extension of the previous results for a single source-sensor pair. That strategy extends conventional point-focus image reconstruction which applies only to zero offset data, so that quantitative reconstructions can be made with the complete dataset.
A. Single Scattering Volume of Unknown Location and Extent
The ellipsoidal weighting factor f ( ) in the uniform scatterer distribution is the average of r 2 /r i r j in the single scattering volume solution over the ellipsoid contributing to the backscattered signal at a given instant. Compare (20) for a single scatterer and (26) for a uniform shell of scatterers. These results assumed the location and extent of the single scattering volume were known.
If the location and extent of a single scattering volume are unknown, then the reconstruction approach must combine aspects of both previous solutions. The backscattered signal at instant t o from a single source-sensor pair must be weighted by r i r j /r 2 but distributed everywhere on the ellipsoidal shell because the scattering volume position and size are not known. The reconstruction will be correct over the actual region of the scattering volume because the conditions which led to the result in (20) apply. The reconstruction, however, will be in error everywhere else on the shell. The same situation holds for any other source-sensor pair. The ellipsoidal shells containing the single scattering volume, however, will differ for different source-sensor pairs. These shells will intersect only at the actual volume where each source-sensor pair will accurately reconstruct the scattering potential assuming that it is isotropic. Therefore if the backprojections using the weighting factor are averaged the estimate of the scattering potential will not change and will be correct over the actual scattering volume. Yet in the surrounding regions as more sourcesensor pairs are used the the averages will go to zero because they will have a contribution from only one sourcesensor pair. The ratio r i r j /r 2 differs for each source-sensor pair. The ratio for a particular source-sensor pair as a function of polar angle θ and eccentricity is
This ratio is plotted in Fig. 4 as a function of several values of eccentricity. It is, of course, unity for an eccentricity of zero, i.e., the zero offset case. Reconstruction with the complete dataset to yield an estimate of the scattering potential for a particular site consists of the following steps in the spatial-temporal domain: 1. Weight each backscattered signal by r i r j /r 2 for each site, where the radii describe the reconstruction site. 2. Backproject the weighted backscattered signal to the reconstruction site. 3. Average the weighted backprojections from all sourcesensor pairs.
Our algorithm is the same as point-focus imaging using either focus-and-steer beamforming or synthetic-focus reconstruction with the complete dataset except for the r i r j /r 2 weighting factor. The algorithm is identical to conventional point-focus imaging with zero offset data because in that case the weighting factor is unity. In general, however, for focus-and-steer beamforming or synthetic-focus imaging with the complete dataset the time-dependent amplitude correction (34) must be used for energy conservation.
B. Linear Array Error Without Ellipsoidal Correction
Because the focus-and-steer or complete-dataset weighting is site dependent and different for each source-sensor pair, it is an expensive, time-consuming correction to make. Where eccentricity is small the weighting is near unity and perhaps may be neglected. In Fig. 5 we show the error in an image reconstructed using conventional point-focus algorithms, i.e., using focusand-steer or its equivalent synthetic-focus with the complete dataset. No ellipsoid corrections were made. We assumed a linear array of point-like elements and varied the ratio of array length to scatterer range. For each site plotted the error is the result of averaging r 2 /r i r j over all source-sensor pairs in the linear array compared to unity assumed by the conventional algorithms. For ranges that are greater than the array length the error in the estimate of the scattering potential is < 5%. Errors up to 25%, however, may be encountered. The factor r 2 /r i r j , which is the inverse of the expression for ellipsoid weighting given by (34), can be used to assess the regions which may be imaged using conventional algorithms within a given error criterion for an arbitrary array by averaging it over whatever combination of source-sensor pairs are of interest.
VII. DISCUSSION
If a linear model adequately describes interactions of ultrasound and tissue for a particular application, several limitations of our results can be overcome by additional processing. For convenience we assumed drive functions with infinite temporal and spatial bandwidths; the drive was an impulse. For finite temporal bandwidths the actual backscattered signal is the convolution of the expressions for backscattered signal we derived with whatever excitation function is actually delivered to the source element. Array elements were assumed point-like. Defraction effects of the array elements can be corrected for by applying a restoration filter to the reconstructed image. Such a restoration filter could include effects of the waveshape of the particular drive function, as well as compensating for actual geometry of the array elements.
Norton and Linzer [2] showed that the scattering potential can be recovered from spherical projections measured over infinite plane, cylindrical, and spherical apertures. Our result may be viewed as a straightforward extension of their solutions based on conservation of energy. The advantage of reconstructing from ellipsoidal projections rather than spherical projections is that for an Nelement array, the complete dataset contains N times as many measurements as zero-offset data. Thus for a finite aperture the signal-to-noise ratio of an image reconstructed from ellipsoidal projections, i.e., the complete dataset will be [N ]
1/2 better than an image based on zero-offset data for random noise.
To estimate scattering potential with a transducer array by extending (30) requires that that array be focused on both transmit and receive. Conventional medical imaging systems are not in focus everywhere because of the complexity of focusing an array at each image location plus the desirability of real-time operation. Recently we have presented a parallel processing approach with an application specific integrated circuit which can produce a 512 x 512 image at a 30 Hz frame rate which is in focus everywhere [18, 19] .
VIII. CONCLUSIONS
If the scattering potential is uniform over an ellipsoidal shell, its radial component can be recovered by distributing the backscattered signal measured by a single source-sensor pair divided by f ( ) over the ellipsoid defined by source and sensor separation and the path length from source to scatterer to sensor. The weighting factor f ( ) is unity only if the eccentricity epsilon is zero. For non-uniform distributions of scattering potential the backscattered signal must be weighted by r i r j /r 2 which varies for each reconstruction site with each source-sensor pair.
Because the time-dependent weighting factor goes to unity as eccentricity goes to zero, the r i r j /r 2 weighting may be ignored beyond some range appropriate for the error limits of a particular application. For the important case of a linear array the error in the estimate of the scattering potential can be less than 5%, using conventional focusand-steer beamforming or synthetic-focus imaging with the complete dataset, as long as the range of the reconstruction site is more than twice the array length.
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